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Nonlinear Multimode Response of Clamped Rectangular
Plates to Acoustic Loading
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Large-deflection and multiple modes are included in this analysis in order to improve the prediction of the ran-
dom response of clamped rectangular panels subjected to broadband acoustic excitation. The von Karman large-
deflection plate equations, Galerkin’s method, and the equivalent linearization technique are employed in the
development. Mean-square deflections, mean-square strains, and equivalent linear frequencies are obtained for

rectangular panels at various acoustic loadings.

Nomenclature

a,b =plate length and width

- J— =integers, Eq. (8)

[C] = generalized damping matrix
C, = function, Eq. (31)

D =plate flexural rigidity

E =Young’s modulus
Jm(X),8,(¥) =displacement functions, Eqs. (5) and (6)
F =stress function

Fp, =stress function coefficients, Eq. (8)
h =plate thickness

L(W,,),

IL(W,,) =functions, Eqgs. (A3) and (A4)
[K] =generalized stiffness matrix

L =mathematical operator, Eq. (1)
[M] = generalized mass matrix
)2 = pressure

P =pressure in normal coordinates
PP, =average edge loads, Eq. (7)

q =normal coordinates

S, =nondimensional pressure spectral density, Eq.

(36)

t =time

u,v =in-plane displacements

w = lateral deflection

W oin =generalized displacements

X,y = coordinates

Zy (W),

Z,(W,,) =functions, Egs. (AS5) and (A6)
o =length-to-width ratio, a/b

B = vector function, Eq. (12)

€ =normal strain

¢ = damping ratio, c/c,

v =Poisson’s ratio

o =mass density

¢ =normal mode
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2] = linear frequency, rad/s
Q =equivalent linear or nonlinear frequency, rad/s
Subscripts
b =bending component
EL =equivalent linear
L =linear
m =membrane component
Introduction

COUSTICALLY induced fatigue failure in aircraft struc-

tures have been a design consideration for the past two
decades. The problem was introduced with the advent of the
jet engine, which produced high-intensity acoustic pressure
fluctuations on aircraft surfaces. As the engine performance
requirements increased, the intensity of the acoustic pressures
increased. Airframe minimum weight requirements resulted in
higher stresses in structural components. The number of
acoustic fatigue failures have also resulted in unacceptable
maintenance and inspection burdens associated with the
operation of the aircraft. Therefore, accurate prediction
methods are needed to determine the acoustic fatigue life of
structures. Numerous analytical studies'® and experimental
investigations>®16 on sonic fatigue design of aircraft struc-
tures have been undertaken during the past decade to help pro-
vide the needed reliability.

The majority of analytical studies to date have been for-
mulated within the framework of linear or small-deflection
structural theory. Test results on various aircraft panels
reported in Refs. 2, 8-11, and 13-16, however, have shown
that high noise levels in excess of 120 dB produce nonlinear
large-deflection behavior in such panels. The linear analyses
predict the root-mean-square (RMS) strains/stresses well
above those of the experiment, and the frequencies of vibra-
tion well below those of the experiment.2:8:13.15:16 Tt js known
that the estimation of service life is based on RMS
stress/strain and predominant response frequency in con-
junction with the stress vs cycles to failure (S-N) data. Cur-
rent analytical design methods®*7® for sonic fatigue preven-
tion are based essentially on linear theory. The use of linear
analyses, therefore, would lead to poor prediction of panel
fatigue life. To have an accurate determination of the ran-
dom response of a structure, large-deflection or nonlinear
structural theory should be employed.

Recently, analytical efforts'>!! with a single-mode ap-
proach have demonstrated that the prediction of panel ran-
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dom response is greatly improved by including the large-
deflection effect in the formulation. Test results!' also
showed that there is more than one mode responding. Multi-
ple modes were also observed by White!” in experimental
studies on aluminum and carbon fiber-reinforced plates
under acoustic loading. White also showed that the fun-
damental mode responded significantly and contributed
more than one-half of the total mean-square strain response.
Therefore, in order to have an accurate determination of the
random response, multiple modes should also be used in the
analysis.

Various techniques for predicting the response of multiple-
degree-of-freedom (MDOF) systems of nonlinear second-
order equations can be basically divided into analytical
methods [Fokker-Planck-Kolmogorov (FPK) equation,
equivalent or statistical linearization, and perturbation] and
numerical simulation (or- the Monte Carlo method). The
most general extension of the FPK equation to nonlinear
MDOF dynamic systems was developed by Caughey.'®!®
One advantage of this method over all other approaches is
that it gives an exact solution. However, this should not be
construed to mean that all problems relating to the response
of nonlinear systems to random excitation have been solved.
In fact, exact solutions of the steady-state probability func-
tion have been found only for certain restricted classes of
problems provided: 1) The only energy dissipation in the
system arises from damping forces that are proportional to
the velocity; 2) the exciting forces are uncorrelated Gaussian
white noise; 3) the spectral density matrix of the excitation is
proportional to the damping matrix of the system; and,
4) the restoring force vector of the system is derivable from
a potential. Problems of simple structures that satisfy these
four conditions were solved by Herbert.??! Yet many prob-
lems of practical interest do not satisfy those conditions
necessary for a solution. Thus, a number of approximate
techniques have been developed to treat a broader class of
problems than is presently possible with the exact analysis.
These are the equivalent linearization, perturbation, and
numerical simulation methods.

The classical perturbation method for deterministic
nonlinear problems was extended to random vibration prob-
lems by Crandell.??> Lyon?? used this approach to study the
responses of a nonlinear string. Tung et al.?* used the pertur-
bation procedure to a two-DOF system. In principle, the per-
turbation approach can be extended to systems of coupled
nonlinear equations in which the nonlinearities contain a
small parameter ¢. For complex structures, however, the
algebraic operations may become so unwieldly that the pro-
digious amounts of labor make the method no longer
practical.

Numerical, or the Monte Carlo, simulation® consists of
generating a large number of sample excitations, computing
the corresponding response samples, and then processing
them to obtain the desired response statistics. The procedure
is, in principle, very general. The major drawbacks of this
method are computation time and cost. Spanos® has
estimated that, for problems to which both equivalent
linearization and numerical simulation can be applied, the
computational efficiency of the equivalent linearization will
be of the order of 100 to 1000 times better than the Monte
Carlo method. Roberts,?® To,?” and Crandell and Zhu?®
have presented their comprehensive and excellent reviews on
nonlinear random vibrations.

This paper presents an analytical solution for the large-
amplitude random response of clamped rectangular plates
considering multiple modes in the analysis. The von Karman
large-deflection plate equations are solved by a technique
that reduces the fourth-order nonlinear partial differential
equations to a set of second-order nonlinear differential
equations with time as the independent variable. A Fourier-
type series representation of the out-of-plane deflection and
stress function is assumed. The compatibility equation is
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solved by direct substitution, and the equilibrium equation is
solved through the use of the Bubnov-Galerkin approach.
The acoustic excitation is assumed to be Gaussian. The Krylov-
Bogoliubov-Caughey equivalent linearization method?»2%3! is
then used so that the derived set of second-order nonlinear
differential equations are linearized to an equivalent set of
second-order linear differential equations. Transformation
of coordinates from the generalized displacements to the
normal-mode coordinates and an iterative scheme are
employed to obtain RMS maximum panel deflection, RMS
maximum strain, and equivalent linear (or nonlinear) fre-
quencies for rectangular plates at various excitation pressure
spectral densities. Convergence of the results is demonstrated
by using 4, 6, 10, and 15 terms in the transverse deflection
function.

Mathematical Formulation and Solution Procedure

Assuming that the effects of both in-plane and rotary iner-
tia forces can be neglected, the dynamic von Karman equa-
tions of a rectangular isotropic plate are

L(w,Fy=DV*w+phw,,+gw,, —p(t)
—B(F, W,y + F, W, — 2F, W) =0 )
VAF=E(Wi =W, W, ) )

The transverse deflection that satisfies the clamped bound-
ary conditions

w=w,, =0 on x=0 and a (3a)
w=w,,=0 on y=0 and b (3b)

is assumed to be
W) =h Y, Y W (Df i ()2, (7)) mn=123,... (4

where

Sm(x)y=cos[ (m—1)mx/a} —cos[ (m+1)nx/al &)

g, (y)y=cos[(n—=1)wy/b] —cos[(n+1)my/b] (6)

Upon examination of the foregoing expression for the
transverse deflection, it is found that the compatibility equa-
tion (2) can be identically satisfied if the stress function F is
taken in the following form:

qry

-P, —-+EhZEEF cos——cos 3

y2
F=-P
*2

P,q=0,1,2,~-- (7)

Direct substitution of Egs. (4) and (7) into Eq. (2),
performing the required differentiations, multiplications,
and a Fourier analysis of the resulting terms, yields a
quadratic relationship between F,, and W,

E E E Equmnkf mn Wkt’ (8)

F
P (pz/a+q oz)2

in which B, are integers (tabulated in Ref. 32) and
a=a/b. A complete description of the solution technique
used to solve Eq. (2) is given in Ref. 32.

The average edge loads P, and P, in Eq. (7) are deter-
mined from in-plane boundary conditions. The particular in-
plane boundary condition of most interest in the study of
sonic fatigue of structural panels is the one in which the
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edges are restrained from movement, that is,
u=0 on x=0 and a (9a)
v=0on y=0 and b (9b)

or

7 du af 1 1 5
So % dX=SO "E—( vy — V) ——— > Wi dx=0 (10a)

Sb v, _Sb[l FoF 1
oy VTN [T Ty

Performing the differentiation and integration as indicated
in Eq. (10) yields relationships for P, and P, in terms of the
generalized displacements W, These relatlons are given in
the Appendix.

With the assumed deflection w given by Eq. (4) and the
stress function F given by Eq. (7), Eq. (1) is then satisfied by
applying the Bubnov-Galerkin method:

wfy] dy=0 (10b)

WL(w,F)f,g,dxdy=0 rs=1,2,3,... (11)

The integration of each of the terms in Eq. (11) can be found
in Ref. 32. A set of nonlinear time-differential equations is
obtained after performing the integration over the total area
of the panel, and it can be written in matrix notation as

[MI{W)+ [CHWY+ [KIL W)+ (BOW) ) = (p()) (12)

where [M], [C], and [K], are the generalized mass, damp-
ing, and linear stiffness matrices, respectively, and {8} is a
vector function that is cubic in the generalized displacements
{Wy.

If the acoustic pressure excitation p(¢) is stationary Gaus-
sian, ergodic, and has a zero mean, then application of the
Krylov-Bogoliubov-Caughey equivalent linearization tech-
nique yields an equivalent set of linear equations as

[M1 {7} + [

CHW)+ (IKIL+ [Klg ) (W)= {p(1)} (132)

or

[MI{W}+ [CT{W) + [K]{W])=(p(D)} (13b)
The elements of the generalized equivalent linear or
nonlinear stiffness matrix [K]g, can be derived from the
expression?®

9B, ] 14)

(KEL)rsij =% [ aWij
where £[ ] is an expected value operator. The elements
(KgL),s; are too lengthy to reproduce here but may be found
in Ref. 33. The approximate generalized displacements [ W],
computed from the linearized Eq. (13), are also Gaussian
and nearly stationary because the panel motion is stable.

To determine the mean-square generalized displacements
W2, in Eq. (13), an iterative process is introduced. The un-
damped linear equation of Eq. (13a) is solved first, which re-
quires simply the determination of the eigenvalues and eigen-
vectors of the undamped linear equation

wj [M]{e};=[K]L{s}; 15)

where w; is the linear frequency of vibration and [¢]; is the
normal mode shape.

Apply a coordinate transformation, from the generalized
displacements to the normal coordinates (this analysis will
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use the first four modes), by

{Wi=1[¢l{q} 4=m (16)
mx4 4x1

where each column of [¢] is a normal mode {¢};. The
damped linear equation of Eq. (13a) becomes

[M1GI+ 1 Cl{gl+ [ K1L{g}={P(1)} (17

where
[ M]=1[0]"[M][¢] (18a)
[Cl=[¢]1T[ClI¢]=2[$w ][ M ] (18b)
[K1L=[¢]T[K]Ll[o]l=[w* [ M] (18¢c)
{P}=1[0]T{p} (18d)
The jth row of Eq. (17) is
G+ 2804, + wiq; = P;/M; 19

The mean-square normal coordinate is simply

- TS, (w;) 20

where S, (w) is the spectral density function of the excitation
P;(¢). The covariance matrix of the linear generalized
displacements is

S, (w;)

(W Wil 1 E[¢’M2§j [¢17 Qn
J

This initial estimate of expected value on generalized
displacements can now be used to compute the generalized
equivalent linear stiffness matrix [K]g, through Eq. (14).
The undamped linearized equation of Eq. (13) is solved
again

G M) {d);=([K]L+ [K]e) (o), 22

where Q; is the equivalent linear or nonlinear frequency of
v1brat10n and {¢}; is the associated equivalent linear normal
mode shape. Then Eq. (13) is transformed again and has the
form

[(M]{g}+ [Clig} + [K](q) =(P(1)} (23)
©
o LINEAR R Sl
4+ v ‘?’?\“\5
ot
W
3--
T2
w
Ol
14
o 20 30 40 50
St x 103

Fig. 1 Convergence of the mean-squére deflection for the square
plate ({=10.009).
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in which
[K1=[6]"([K] + [Klg)[o]=[Q*1[ M] (24
The jth row of Eq. (23) is
g;+ 2809, +Q7q;=P;/M; 25)
and the displacement covariance matrix is

5, (%)

(W W] =—— EM,M% - (0] (26)
JI

The diagonal terms of [W,, W] are the mean-square
generalized displacements W2 As the iterative process con-
verges on the iterth cycle, the relations

(@) iter = (@) ier 1 (27a)
() ier = () iter (27b)
( )lter = ( )uer 1 (27C)

become satisfied. Convergence is considered achieved when
the difference of the RMS displacements satisfies the

requirement
(RMS Wmn )iter -
(RMS Wmn )iter

(RMS Wy Jicer— 1 <10-3 for all m,n (28)

Once the RMS generalized displacements are determined,
the RMS deflection and the maximum RMS strain of the
plate can be determined from Egs. (4) and (7) and the strain-
displacement relations as follows.

For a rectangular plate (¢=b) with clamped support along
all four edges, the maximum bending strain occurs at the
extreme-fiber perpendicular to its long edge at the midpoint.

h  Pw
€ =4+— 29a)
(e,)p 2 9 (
o
LINEAR 2
4T N —(?g‘“\ °
\0 0? &
0.
o 3T >
=4
»
ORGP |
sk
14
10 20 30 40 50
s¢ x 103

Fig. 2 Convergence of the maximum mean-square strain for the
square plate ({=0.009).
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or

e,b?
( [ )bzi

—(n+1)2%cos

2 _
—ZFZ—E Ef,,, (x) [(n~1)2cos w

e w )y, 29b)

The membrane strain is given by

(¢,)m = (1/E) (F, x~vF, ) (302)
or
e b? 72
< 22 )mz—g_ E mn y( n)
+ ) Y Y Y CouBoamnie W Wi (30b)
m n k ¢t p g

20 30 40 " 50

-
ot

$¢ x 103

Fig. 3 Mean-square center deflection vs pressure spectral density
for a clamped square plate.

LINEAR

s¢ x 103

Fig. 4 Mean-square center deflection vs pressure spectral density
for a clamped rectangular («=2) plate.

Table 1 Generalized displacements used in convergence studies

Generalized displacements

Number
of terms Wi Wis Wy Wi Wis Wi, Wss Wss Wi Wi Wss Wi W Wiy Wi
4 X X X X
6 X X X X X
10 X X X X X X X X X X
15 X X X X X X X X X X X X X
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. 151 y
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S¢ x 103

Fig. 5 Maximum mean-square strain vs pressure spectral density
for a clamped square plate.

in which
2 (vg* — p*/c?) X qny
e = P at ) €os —— cos — (€2))
From
&= (6,)p+ () m (32)

the maximum mean-square strain becomes

050,650,165
(33)

For Gaussian random processes with zero mean, we have

E(W;W,W,,)=0 (34)

E(WiWiW W) =E (W W) E(W W)

+£(Wiijn)£(WkiWrs)+$(Wt Wrs)g(Wk(Wmn) (35)
and the maximum RMS strain can be determined from Eq.
(33).

Results and Discussion

Using the present formulation, the nonlinear response of
square and rectangular (¢ =2) plates with all edges clamped
and subjected to broadband random excitation are studied.
In the results presented, the white-noise excitation is band-
limited with a frequency bandwidth of 25 Hz to 6000 Hz, the
damping ratio is assumed to be constant for all four normal
modes, and Poisson’s ratio is equal to 0.3. Mean-square
center deflection and maximum mean-square strain are
presented in a nondimensional form. The nondimensional
forcing spectral density parameter is defined as

S.— 278, (@) 16

f 2h4(D/phb4)3/2 ( )
Also, since the loading is symmetric, only symmetric
generalized displacements W,,, are retained in the transverse
deflection function. :

The convergence of the solution technique was examined
in order to determine the degree of accuracy possible with a
highly truncated transverse deflection function series. The
mean-square center deflection vs the nondimensional spectral
density parameter using 4, 6, 10, and 15 terms in the deflec-
tion function for a square plate is shown in Fig. 1. The par-
ticular generalized displacements that make up the various

- —-LINEAR

¢ x 103

Fig. 6 Maximum mean-square strain vs pressure spectral density
for a clamped rectangular («=2) plate.

orders of the deflection function are shown in Table 1.
Figure 1 clearly indicates that a six-term solution gives ac-
curate results for the nonlinear maximum deflection while a
four-term solution will provide accurate linear results. The
maximum strain occurs at the extreme fiber of the panel and
at the midpoint of the long edge. The direction is perpen-
dicular to ‘the edge. Figure 2 shows the maximum mean-
square strain vs S, for the square plate using 4, 6, 10, and 15
terms in the deflection furiction. The convergence of the
mean-square strain is much slower as compared with that of
the mean-square deflection.

Figures 3 and 4 show the maximum mean-square non-
dimensional deflection vs the nondimensional spectral den-
sity of acoustic pressure excitation for rectangular panels of
aspect ratios of 1 and 2 with the damping ratio equal to
0.009, 0.018, and 0.027. Figures 5 and 6 show the maximum
nondimensional mean-square strain vs the nondimensional
spectral density for rectangular panels of aspect ratios of 1
and 2 with the damping ratio equal to 0.009, 0.018, and
0.027. Ten terms were included in the deflection function to
generate the results shown in Figs. 3 and 6.

Concluding Remarks

An analytical solution technique is presented for determin-
ing the large-amplitude random response of clamped rec-
tangular panels while including multiple modes in the
analysis. Accurate mean-square deflections can be obtained
with the use of six terms in the deflection function, while it is
necessary to consider as many as ten or more terms for the
accurate determination of the strains. In the numerical ex-
amples presented, a constant damping ratio for all four
modes has been used. However, nonlinear damping phenom-
ena have been observed in experiments.!!"!” Therefore, fur-
ther effort is' needed to better understand the effects of
nonlinear dampmg on panel response.

Appendix

Average edge loads P, and P, in terms of the generalized
displacements W,,:

Pt (L rt) Al
T1-2\b L+ a Al
E v 1
P\ b 2
in which
IL(w, mn mn) (A3)
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h*x?
8b

L (W) = Y YWz, (W, (A4)

Z (W) =[(m+1)>+ (m=1)21W,,,_,
— (M1 W, 0n = (M=1)2 W,y 25,
+2[(m+ 1)1+ (m=1)2 W, —2(m+1)2W,, .,
—2(m=1)*W, 5, ~[(m+1)2+ (m=1)21W,, .,
M+ 1) Wy gp ozt (M=12 W,y 5,
—[m+1)2+ (m=1)21W,, ,,»

+(m+1)2Wm+2,n+2+(m_l)ZWva,n+2 (AS)

Z,(Wo)=1(n+1)2+ (n=1)21W,_,,,

—(n+1PWs iy = (n= 1) Wy_ s
+2[(n+ 12+ (n=1)21W,,, —2(n+1)2W,, ,.,»
—2(n=1)2W, = [(n+ 12+ (n—1)21W,, 5,
M+ 1)2Wp g+ (n=12W, 5, >
[+ 1)+ (n=1)21W,,,,
F(nH1)2 W e+ (=12 W0, (A6)

where W, =0 for m or n<1.
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